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ABSTRACT

/338
A one~dimensional approximate Jdescription is given for the motion rela/tivo to earth
of a vehicle launched normal to the ecliptic without excessive escape speed. A linear-
ized perturbation treatment is provided for deviations from this one-dimensional
motion, that are the result of the combined effects of the initial trajectory and the
periurbations of moon and sun (t1e moon's orbit is regarded as circular in the
ecliptic planc). The eccentricity of the earth's orbit is also disregardea:zand, on
this hasis, certain periodic motions which pass conveniently close to earth are
found for this "restricted 4~body problem™" of period 3 months. Jé&dﬂ""

1 INTRODUCTION

-

A vehicle launched from the Ear:ih normal to the ecliptic enters a heliocentric

orbit which returns to the vicinity of the Earth every 6 months. Except for appre-
ciable "“hyperbolic excess" speecs, however, escape from the Earth is not complete
and the vehicle returns to Earth in less than 6 months. Such trips may be of interest

for astronomical observation stutions. This and other uses are discussed in Ref 1.

The analysis of the vehicle's trujectory will be based on the supposition that not only
does the distance from Earth, mcusured in astronomical units, remain small, but
that also the vehicle's direction from Earth remains approximately perpendiculur to
the ccliptic plane. More specificully, if a rotating coordinate system is introduced,
centered at the Earth as indicated in Fig. 1, the coordinates x, y, z are assumed
to be such that x, z - v < < 1. To the extent that (x/y)2 and (z/y)2 muy be
neglected, the y mot.on tu: us out to be uncoupled from the small x and z motions

and may be studied separate.y.
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After the equations of motion are worked out in general (in Section 2),
the basic onc-dimensional y motion for a zcro-cccentricity Barth orbit is

investigated in Scction 3. As may be anticipated, this motion, which

i1,

includes both the Sun's attraction anc the Zarth's attraction as "restoring”

forces tending to reduce y to zero, deponds on a single parameter — the

Iy

one-dimensional total encrgy. It wiih be found ( Fig. 2 ) that for total ener-
gies in the neighborhood of zero, in fact for orbdit injection speeds differing

from the thecoretical escape speed by not more than 100 m/sec, the maximum

distance from Earth varies irom less than 1/2- to more than 7-1/2-million km,

v

and the trip duration from less than 2 weceks to more than 5-1/2 montns.

The linearized equation for the smail "oii-line" x and z motions are con-

sidered in  Scction 4, waerein vy is now regarded as the l-parameter
function of time obtainable {rom Suction 3. The acceleration z contains,
2

not surprisingly, a 'driving term” [ roporticnas to y . The validity of the
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x/y and z/y remaining small when
their Y'initial" values (i.e¢., saorty aiter launch) are small. The solution for

the x and z motions will be obtained by variation of four small parameters,

o]

amely, the x- and z-dirccion cosines of the perigee of the geocentric
conic and the x and 2z contponents of the geocentiric angular momentum.
vector. The form of the cguations of variation of parameters, Ecgs. ( 23 )

ant ' 24 ) below, suzgests
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ameters o indeed remain
small at least for encrgies nct too far in excess of zero {i.e., for values

of the encrgy parameter w of  Section 3 not too ¢iose w i), i.e., for trips
lasting not too close tu © months . For trips lusting less than  months, this expectation

has indeed been confirmed by the sumerical evaluation. The lincarized x and  z

motions will provide, in addition, an indication not only of the e¢iiect o

>

launch errors but also of the zficct of mid-course velocity vector changes.

The perturbations of the previous solutions by the eccentricity of the Earth's
oroit  is exam.nea .n Section 5, and those by tiae Moon in  Section
G. In the latter case, the Moon is idealizcd as moving in a circle in



the ccliptic piane, an idealization wiich may be expected to give a reaiistic
{irst-order account, since the unperiturbed motion is perpendicular to the
ccliptic plane and the maximum angular departure of the Moon from this

~lanc is less than 6 deg. The possibility of periodic orbits is also examined in
Section 6.

2 THE EQUATIONS OF MOTION RELATIVE TO THE EARTH

-
- | s “ : : w

Let r be the position vector of the vehicle relative to Earth, and R that
of the Earth relative to the Sun. The acceleration of the vehicle relative to

Earth is given by

- - - -
- GM_.r CTGM(R+1) GMR
T o= 2 2 ——— (1)
T b iR+ 1 L
G being the universal gravitational constant and ME' MS the masses of
Earth a

nd Sun, respectively, and the square bracketed term being the

'‘perturbative' acceleration due to the Sun.

- . - - - - .. ' . . R . .
Evaluating T in the rotating coordinate sysiem indicated in Fig. 3-1, we
have:
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wheTe 5 indicates iiime ciiierentiation of the respective components, and
— -

& the angular velociiy of the rotating coordinate system. Iutroducing the

-~ - . 5 —— ~ .
componcnts (aox, SRE aoz) of r, where a_ is the Zarth's mean ais-
{
tancc from the Sun (=1 astronomical unit), and the components (o, 0, ©0)
—
- )

e~
(3

oz , O being the hortn's heliocentric angular position along its orbpit,



mcasured from some {ixed direction, as well as the components (o
’ P ’

o, R)
of K , we obtain from Eqs. (1) ani (2)
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We now introduce as an 2

-

anomaly ¢ of the Earth's motion,

dependent variable,

in zlace of time, the mean

the eccentricity of the Earthv's orbit, and

(1(? .z

Expanding in ascending powers of vy,

L

G A
d

where

—5 * y(1+3eE

s0 that R = ao(l-—e?cos ©}, €. being
E 1/2

a .

o) S
\GMS> Gt

i;-, %’ the second Eq. ( 3 ) becomes:
cos ¢) + 5= 0, (4)
Yy

Mo
o (<<D), (5)
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and where; in accordance with the smallness of ¢_ and with our underlying

X 2 3

assumption: x, z << y << 1, we have neglected €oy YZLo YT,
\'2

ﬁ%—, ctc. The first and last Jiq. ( 3 ), moreover, linearized with respect
e

b4

to x and z, become:

?

X+ 2L 2o

do vy
dzz dx Nz 3.2
,,Z-3Z‘Z_d—'—+_‘—3:—.2y (6)
te y

4 . . 2 Co X
Here  we have neglected y o and products of e or y~ with the small

tx

quantities x and 2z, which products include tn

¢

U terms in Eq. (3.3).

o

3 BASIC ONZ-DIMENSIONAL MOTION

Neglecting e, in Eq. (L) (it will be reintroduced in Secction 3), we
=

nave:

2
<y o 7
3 Yy +-5 0 (7
@ y
We immediately obtain an ‘energy' integrai:
1 [dy 2 . 1.2 DL
-Z. [oYel) Zy ? =k (8)
which is a constant.
A {urther quadrature yields the time (througih ¢) as follows:
, Vy dy
TPy T \/‘H‘"“*g (7)
: 1D
o Zp T Zuy - Y




where the lower limit is taken as zero, rather than some initial yo << /

(at which distance the perturbing force due to the Sun is much smaller than

thhe Tarth's attraction), so that the contribution to 6 between o and i
@ YO

unimportant,

A convenient description of the motion, involving essentially one parameter,

is obtained if we introduce Yy the maximum Yy reached, given by:

and a nondimensional energy paramcter 7 given by:

~

1

i
v

no= S5e 1 ‘3 , (10)
Y Y
so that
1/3
= (20
¥, (1—n/ (11)

As the parameter m varies from - to +1, o

&)

maximum distance Y
(in astronomical units) varies from 0O to «w. Our solution, oi course, is

valid only over the range of valiues of n for wnich y, << 1 (e.g., Y1
< 0. l).

The Earth's position during the outward motion oi the vehicle is given by:
(y/yy)

6 - j i du (12)
() : . 2
\/(l-u)(l-rﬁu-&-u) ,




and the total angular travel of the Earih, and hence the total time, by, say,

5, - by = 2(o-0) = zj E = 1(=) (13)

2 —
. " 2 . M ~ - - .
In particu.ar, f(z) = e (\/3_ ~1) . Other values of {{r) may be obtained
2
- 1 1y . : . 2 ~ 1
irom tables of ciliptic functions. Thus if 7 < w0 i{m) may be evaluated

according to 3(d) on p. 48 of Grobner and Hofrciter's Integral Tafeln,

Vol 2, while if n > %, f(n) may be evaluated by 3(a) on p. 67.

The parameter m, in turn, may be related to the speed v at a specified

(@]

smiaii radial distance r  {rom Earth, at which distance the potential energy
° {
1 e , . o . . .
term Sy duc to the Sun's perturbative force may be assumed to be neglig-
ible by comparison with the potential energy tcrm -p/y duc to the Karth's

attraction, so that:
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and hence, assuming that v_ is close to \r —
O

o= L | : iy ! ._I;Q_ |
Yo ‘\, ¥ . RRVE 1/3<a ) (14)



Equations (11y, (13), anc (14) may be used to plot the relations between

maximum distance, '"initial" specd, and flight duration. Thus, in Fig. 2
the ordinate is £f(n), the Earth's angular travel, the lower abscissa is
-1/3 : . s L. .
1-- or, rather, its logarithm), and the upper avscissa is
v g P
c 1/3
2 . ' ey y X
n/12(1l-7) = g(n), say, so that by suitablie rescaling we can read the
. —_—
12GM
. . . can. , | = .
maximum distance aoy, in millions of km, Avo = Vo -\,——-I:——-—— in m/sec,
1 Y

. — . 9
with r_ chosen as 150 km in excess of the Earth's equatorial radius,

versus the flight duration in days.

In Table 1 of Ref. 1, it is shown how to rescale Fig. 2 to make it apply
to trips launched from other plaaets perpendicular to their heliocentric orbital

planes or from the moon perpeniicular to its orbital plane.

3

The sensitivity of the Liight duration and the maximum distance reached

To evaluate the scasitivity of the

to initial specd is apparent irom Fig. 2.
return time to mid-course changes, small or otherwise, in the velocity in
the v direction, it is necessary to evaluate the intermediate times by means of

Eq. (12). For both the outward and return journeys, these times are evaluated by
numerical integration, after chosing, in place of u , a new independent variable

s = = Y1 - u, according as y i 0. (See Section 4 below.) The results are shown
in Fig. 3.

4 OFF-LINE MOTIONS

Before attacking the Eq. (6) of off-line motion, let us examine the significance of

the assumption x, 2z < <y in the neighborhood of the Earth.
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Consider first a conic (Fig. + ) in tne

Lo <

xy-plane, with semi-~latus rectum £ ,
perigee in the (-y)-direction, and eccen-
tricity ¢ close to 1 (it may be more or less

than 1). Its equation is:

(2, 2 _ _ _ £ ) Z

Elo\')("-y =TT T esiny
esmy 1l X i X
2,2 \\ _i 7
X +y -
PERIGEE
2 2
so that ‘jx +y = ey +£/a , and hence: Fig. 4 Nearly Parabolic
© Conic Near the
Earth
2 g /£ 2 2 [2\* Z 2 2
X = <—§—> + 2(\-;-)) + (E -1>y Z \;> + 2(3—>)’ + (( 'l)y .
) o o o
— - o s . /2 ; .
That part of the conilc for which x <<y, and hasa y > >:-a—)(tne full line
o
in Fig. 4 ), thus satisiies:
22
xXoo= :ty € -1 -rz-—
oF
Furthermore, the velocity alcng the conic is given by
. 2GM GM (e2—1> GM
z<.z_.2> 2 R > Mool 22
a X ry = V = + = ¢ ~1 + —mM™=——
o > £ Z ey
a.o YX +vy

RS N R T
4 £ ¢ ay
o 0
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The part of the conic for which x < <y thus satis{ics: ‘

N L
x = a ‘ﬁ 1/“' Yy y = _1_;8_. ‘/Z y &X
[e] GA\/{E N ao (1(:)

.. . dy . .
Note that the coefficient here of vy 5—3 is, apart from a fixed scale factor,
[

just the angular momentum ,/GMEl of the geocentric motion.

The generalization to any nearly parabolic conic whose axis nearly coincides

with the y-axis is clear; if x, 2z <<y

)
Loz v
X = |[— ! cosa y = Ay,
Do / G
v
(15)
5
A DA
z = —_— Sin o - JONSS
p a * Y d\‘) 70
o}
where @ is the angle which the angular momentum vector makxes with the
z-axis {mecasurcd toward the negative x-axis), and A, B are the (small)
dircction cosines of the conic's axis in the x-, =z directions respectively,
i.e., (-A)and (-B)are the x- and z- Girection cosines of the conic's
perigee direction,
The foregoing discussion of the motion near Earth suggests the following
“variation of parameters' description of the entire motion:
i d Clay\e | a5 ] dy
ay x v
x=Cy—,>~+Ay ) —,—‘—=CTz + y—5 + Ao~
aQ Go co L& ¢¥w}
— GQ -
(16)
d C(av\? e *
v Gz v ay dy
z = Dy—=< + By s 'ci—:-'D(a") + y =5 B'a"a
4 @ L \do do” @

13



where A, B, C, D are now variabies which vary, however, very little

in passing {rom launch at perigee, for example, to a near region, as in

. . d’v o, . . :
4+ , where x, z << y, and where — is now given by Eq. ( 7 j,

Fig. :
G
thus including the Sun's perturbative force as well as the Earth's attraction.

Note that, accordingly, the rescalicd angular momentum components,

LS 1ae 1 1 .
%:15 - z_>‘ and z ::—é -y —Z(—z{), are respectively C(p+y3) and D(p+y3),

which can be regarded as {ixed muitiples of C and D only in the near-Earth
1/3

region y << p

Differentiation of the left Eq. ( 16 ) in combination with the right equations

yiclds:
3 Ty : 1T 7 Cl;
SA L et g5q SB. L ¢y D . (17)
dé do do do do do

Substitution of Eq. ( 16 ) into Eq. ( 6 ), together with Eqs. ( 7 ), ( 8 ),
and ( 17 ), yields:

a@© .y 22E+f - 2yfp + 2 W B Ly el ya
do L3 y do do
pTy (18)
dD y dy —_ D 2 dy 302
- = -7y =< 1) - 4yB - Z(Z:Jﬁ—'—z )C - 2= A - =

A convenient renormalization of these equations is obtained by introducing,

as at the end of Section 3, a new independent variable:

+vYl-u , according as —z-é 2 0, (19)

wn
"
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SO t.'nét s increcases monotonically from -1 tc +1 between the time that the
vchicle leaves the vicinity of the Earth and the time of return to Earth.

From Eq. (12) we obtain

. 1
ds _ 1

7
\/1—n+u+u“ (20)

ao ) f;

(&3
3 ° 3 [ N M - - o4 .
At the same time we choose the following variable smail parameters:

1/3 p:l/o . 1/2

(21)
1/3 -1/6 1/2
_ (i=1m - £ ; - )
Ay = ( 2) y,D = ’ 5 ( > sm(Q AS
2 N o}
s ()
n yl
— — - /:_ > - | - .:_3.-7‘—'_ ) i ) -
)\4 = B = K2 1) cos <CZ As) <2 «} sin <¢2 As)

Here i, @, w, and £ are the inclination, nodal longitude,argument of perigee and
semi-latus rectum of "¢ instantineous earth-centered conic (referred to the ecliptic

rather than equator), so that f/io , 7/2 -1 and 37/2 - w are small quantities.

Substitution of Eqg. ( 21 ) into Zgs. { 17 )and ( 13 ) together with Bgs. ( 8 )

I
(10, ( 11 ), (19 ), and { 20 ' yields

[@ fl{ o
& v
~ -
tl
~ 2
o
— 3
(
w
w
<2
v
\/‘“\—_/

== = = l-m+u+u” @,
“s \"“ﬁ) i (22)
d'\3 T
o i e,
SN 1/3 <
T __2_ ,\[
s (1"’1) sNlam+tu+tu” ¢



where

: 48\u . 1-7 1/3 , 4

G = —SNE hagn, - 2{= N, |+ ——

1 3 1 2 4 3 2
l-m+2u (l-m+ 20" Wl-nn+u+u

i 3 -\ 2
L(l-n-r 21u - 4u ))\3 - (TL> u )\2

_ 4s\u . _ l-r /3 7 - 4
@ T A S *z_\ 3 2
l-nt2u (l-m+2u )\fl-n+u+u

‘ 3 1- 1/3 2 i
[ P faatts B N
(. ntinu-au ))\l + 4( 3 ) u >\4

RVERNE
- P (23)

(1-n+2u3)\ll-n+u+u2

The solution of Eqs. ( 22 ) and { 23 ), which will be obtained on a digital

computer, clearly has the form:

)‘1(5) )‘1('1)
)\2(5) )\2(-1)
b T(m, s + pl/3 S (n,s), (24)
)\:?(s) )\3(-})
N, (5) N (1) /

where T(m,s) is a 4 X & transition matrix, representiing the pro

Q

ation of

(O]
o
1)

initial "errors, ' with initia: vailiue:

16



he condi :'on for a direct coilision with the Earth, of course, is just:

A (1) = A, =

The inverse of £q. ( 25 ) combined with Eq. ( 24 ) yiclds the sensitivities of
the instantancous x, X, z,

(=2

z to changes in the initial .small parameters

ox oA ( 1)

_ Lo

6% ‘ oA, (-1) ]

6z ] oA (-1)
@) A 3

62 or (1) /),

which, togctncr with the sensitivities of y, y to the initial time to and
cnergy parameter n, f{orm the basis for a differential-correction of the

6 parameters tyr T Ny (1), N, (-1, N, (~1), X, (-1), to {it observations

1 2 3 4
such as measurements of angles, ranges or r

) EFFECT OF THE ECCENTRICITY ¢ OF THE EARTH'S ORBIT

Returning 10 Zc. 4 ) for the one-dimensiona. v-motion, with e now in-
o * E
cluded as a small parameter, let 2y be the eccentric anomaly of the Earth's

position at the moment when the vehicle reaches its maximum distance A

. . . 2 .
Then, neglecting ¢ , we obtuin
A

TN
OLC)
Relas
~—
o
"
< ltJ
el
'
e
— '"O
1
~

+y§-6eE{ycosody, ( 28)
J
Y
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where  the last term of  § is compuied as a function of y from the

"unperturbed'' motion corresponding to ¢~ = 0; i.e,, according to

E
Egs. { 19 )and ( 20 )

( 25 ds

1 5
')o 1-'ﬂ+u+u2 -

2
where u = L - 1.5 .
Yy
. . . . vt . . X
The correction in the instentaneous I{gg . is thus given by
1
s
6(’91'&) uj uscos(é;-ql)ds
id. , 0 , .
—22 oy say , = DE_. COS @ : - b€ 8ingQ
’ 9 1 9 )
(_erl joi i Ly &y o
l ] § (i-TM+turu y
i

in which ¢>-¢1 is given by Eq. ( 29 ).

.
!

(29)

S

uf us sin(q)-ol)ds

o
52(1-n+u+u2)

(30)

The velocity correction given by Eq. { 30 ) integrates to a time correction

given by

~° R
0é = - 2} === ds

3\

(.31)

to be added to the ¢ obtainable from Eq. ( 25 ). The vciocity and time cor-

rections v and & ¢ will be obtained by numerical integration along with ¢,

T(m, s) and S-('r], 5).

19



6 EFFECT OF THE MOON

[ag]
FS

he Presence of the Moon

I{, as shown in Fig. 5, we ideualize the Moon's orbit as a circle of rudius b

astronomical units in the x-z plune, and if we denote the Moon's "phase,"

(i.e., its angular position east of the midnight position) by 3, and its mass by

MM ,

unperturbed one-dimensional motion, x =

(M)

b

by
I

the components of the pertarbative force of the moon on the vehicle in its

z = 0, are

GA\i:\iu sinj3 GMM sinf \

N 2)3/2 N T

woku Y :.LO il
GM,. Y
M

, (32)

2, 2)3/2 >

o\ TY :

g

N Y |

G IMb cos B G iMcos B ‘

( 2 3/2 2b2 )
a b TYy

20
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